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Abstract
Recently we discovered several new Erdélyi type integrals. In the present paper, it is shown how
the q-extensions of all those integrals involving and representing certain q-hypergeometric functions
can be developed. The well-known special cases and applications of these q-integrals are also pointed
out.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Erdélyi type integrals; q-Hypergeometric functions; q-Integrals
1. Introduction
In a recent paper [6], we gave an alternative way of proof for Erdélyi’s integrals (see [6,
Eqs. (1.3)–(1.5)]) using series manipulation technique and classical summation theorems.
Motivated from this way of proof, seven new Erdélyi type integrals (see [6, Eqs. (4.1) and
(3.2)–(3.7)]) for certain q+1Fq(z) were conjectured and proved. Their multidimensional
extensions and the integrals for convergent series involving arbitrary bounded sequences
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loop contour analogues of all the Erdélyi type integrals, with relaxed convergence condi-
tions were also pointed out.
Motivated from the above cited work, in this paper, we present the q-extensions of the
Erdélyi type integrals [6, Eqs. (4.1), (3.2)–(3.7) and (4.5)]. In Section 2, the brief outline
of the proof of three representative results (1.2), (1.3) and (1.14) is given. Some well-
known special cases and applications of these q-extensions are pointed out in Section 3.
For the sake of precision the multidimensional treatment (see [6, pp. 127 and 133–135]
and [7, pp. 287–288]) of the Erdélyi type q-integrals is avoided. Further, as a fact, the
Pochhammer’s contour analogue of Erdélyi type q-integrals are not derivable, since, as far
as the authors are aware of the literature, no exact q-analogue of the Pochhammer’s contour
or any other contour has been studied previously (see for instance [2, p. 56, §2.7]). However
if at any stage one is successful in obtaining q-analogue of the Pochhammer’s contour
integral, one may attempt to develop the Pochhammer’s contour analogue of Erdélyi type
q-integrals.
One interesting fact about the q-analogues of Erdélyi type integrals is that there may
arise two kinds of q-analogues of one Erdélyi type integral. The first kind of the q-
analogues involve “t−1” as a numerator parameter in one of the q-hypergeometric function
of the integrand, where t is the variable of integration, while the second kind of the q-
analogues do not involve “t−1” as a numerator parameter in any q-hypergeometric function
of the integrand. All the Erdélyi type integrals have the first kind of q-analogues, while
some of them also possess the second kind of the q-analogues. The proof of second kind
q-analogue of an Erdélyi type integral is similar to its ordinary analogue, whereas the proof
of first kind q-analogue of an Erdélyi type integral differs from the proof of its ordinary
analogue by one step, in which the use of the definition of q-integral as an infinite series
(see [4, §1.11]), viz.,
1∫
0
f (t) dq t = (1 − q)
∞∑
n=0
f
(
qn
)
qn (1.1)
is followed by the series manipulation [8, p. 100, (1)].
The q-extensions of the Erdélyi type integrals are as follows:
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where Φ(z) is assumed to be a convergent series defined by Φ(z) =∑∞n=0 cnzn, where cn
is any bounded sequence of complex numbers.
The q-integrals (1.2), (1.4), (1.7), (1.8), (1.10) and (1.12)–(1.14) are the first kind q-
analogues of the Erdélyi type integrals [6, Eqs. (4.1), (3.2)–(3.7) and (4.5)], respectively
and the q-integrals (1.3), (1.5), (1.6), (1.9) and (1.11) are the second kind q-analogues of
the Erdélyi type integrals [6, Eqs. (4.1), (3.3), (3.5), (3.6)], respectively. It may be noted
that the Erdélyi type integrals [6, Eqs. (3.2), (3.4), (3.7) and (4.5)] have no second kind
q-analogue.
2. Proofs of Erdélyi type q-integrals
To prove (1.2), we write the q-integral on the RHS of (1.2) as an infinite series
(indexed-k), using (1.1) and also the involved 3Φ2’s as m- and n-series, respectively, to
get
RHS of (1.2) = Γq(γ )
Γq(μ)Γq(γ − μ)
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z
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(zνξ)mqn
δm
. (2.1)
Applying series manipulation [8, p. 100, (1)] on the k- and n-series in the above triple
q-series and adjusting the powers of q and the q-shifted factorials, we express the k-series
again as q-integral, using (1.1). Writing the q-integral as a 2Φ1(z), using Thomae’s q-
analogue of Euler’s integral [4, Eq. (1.11.9)] and then expressing this 2Φ1(z) as a k-series
and simplifying, we can obtain one other triple q-series. Now applying the triple series
manipulation [6, p. 128], on this triple q-series and summing the inner n-series by the
q-Chu–Vandermonde sum [4, p. 236, (II.6)] and then the inner m-series by the q-Pfaff–
Saalschütz sum [4, p. 237, (II.12)], we get the LHS of (1.2) and this completes the proof.
The (1.3) can be proved on the line of its ordinary analogue [6, Eq. (4.1)]. Out of the
remaining q-integrals, except (1.14), the first kind q-analogue can be proved on the line of
the proof of (1.2) and the second kind q-analogue on the line of (1.3).
To prove (1.14), we write the q-integral as an infinite series (indexed-k), using (1.1) and
also the involved 3Φ1 and Φ(zt) as m-series and n-series and thus we get a triple q-series.
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and simplifying, we obtain the following triple q-series:
RHS of (1.14) = Γq(γ )Γq(μ)
Γq(λ)Γq(μ)Γq(γ + μ − λ − ν)
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Now, expressing the k-series in turn as the q-integral, we see that the appeared q-integral
is in fact a q-Beta integral. The remaining proof is similar to the ordinary version [6,
Eq. (4.5)].
3. Well-known special cases and applications of Erdélyi type q-integrals
The q-integral (1.2) generalizes and unifies Gasper’s results [3, Eqs. (1.3) and (1.4)]
and (1.14) is a generalization of [3, Eq. (1.5)]. Several other well-known special cases of
the q-integrals (1.2)–(1.14) can be discussed on the line of their ordinary versions studied
in [6]. Further, the q-integrals (1.2)–(1.13) generalize certain q-hypergeometric transfor-
mations and also give rise to some hitherto unrecorded q-hypergeometric transformations.
To deduce a q-hypergeometric transformation from an Erdélyi type q-integral we convert
the q-integral into a triple q-series, in which all the sums run from 0 to ∞. After having
converted the RHS of an Erdélyi type q-integral into such a triple q-series, if we can take
a 2Φ1 as inner series and sum it by the q-Gauss sum [4, p. 236, (II.8)], by particularizing
z, we get a double q-series, which either can be converted into a single q-series by sum-
ming one more inner series or can be kept as such according to the situation and thus we
get a q-hypergeometric transformation, provided the convergence conditions of the series
involved are being satisfied. Working in this way, (1.3) converts into a well-known trans-
formation of 3Φ2 series [4, Eq. (III.9)] and (1.5)–(1.7) provide three different q-analogues
of a well-known transformation of a very well poised 6F5(−1) into a 3F2(1) whereas (1.9)
gives rise to a hitherto undiscovered transformation formula, viz.,
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Further, working as above the (1.2) leads to a generalization of a 3Φ2 transformation [4,
Eq. (III.9)] to six free parameters, given by Eq. (3.2) below. Here it may be noted that a
similar generalization for one other 3Φ2 transformation [4, Eq. (III. 10)] was deduced by
Andrews [1].
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At the end, we observe by setting z = zλ
μ
in (1.3), that LHS of (1.3) is equal to the LHS
of (1.2) and so the equality of the right sides of (1.2) and (1.3), when the q-integrals are
written in the form of an infinite series using (1.1), give rise to a q-hypergeometric transfor-
mation of a non-terminating 3Φ2 into a terminating 3Φ2 and this transformation is recorded
in the work of Gasper and Schlosser [5, Eq. (2.1)]. Similar observations and analysis for
(1.5)–(1.7) give rise to hitherto undiscovered transformations of type 7Φ7 = 7Φ7 = 8Φ7
and for (1.11)–(1.12) to such another transformation of type 7Φ7 = 8Φ6.
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